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Abstract. Thispaper describestwo waysto transformpropositionalclausesinto
mathematicalconstraints,andgivesan overview of mathematicaloptimization
approachesto inference.The first transformation,which translatesconstraints
into linear inequalities,hasbeenapplied to cost-basedabduction in thepast and
showed goodperformance.The second one,which producesnonlinearequali-
ties, is commonly usedin other representations,such asSAT. We clarify their
differencesandadvantages,andshow the radicalperformancetransitionof lin-
earinequalities.Wearemainly targetingatcost-basedhypothetical reasoning (or
abduction),but throughpreprocessing,thediscussion hasgenerality.

1 Intr oduction

Hypothetical reasoning(or ‘abduction’) is a useful framework for knowledge-based
systemsthatallowsto find explanationsfor observations [1, 2]. In cost-basedabduction
[3,4], hypotheseshave associatedcosts,andthe costof a proof is simply the sumof
the costsof the hypothesesrequiredto completethat proof. It hasbeenshown in [3]
thatbelief revision in Bayesiannetworks canbeaccuratelymodeledby cost-basedab-
duction. Unfortunately, the computational complexity of computingthe minimal cost
explanationis NP-hard,evenfor very basicformsof propositionalabduction[5].

Thoughit is morenaturalto describesystemsin amoreexpressive languagesuchas
first-order logic,propositionallogic isstill of importance.PrendingerandIshizukacom-
pileafirst-ordersystemdescription of cost-basedabductiontoapropositionalrepresen-
tation, mainly focusingon model-baseddiagnosis[6]. An efficient enginefor proposi-
tionalcost-basedabductionplaysancrucialrole in suchsystems.

Recently, significantprogresstowardshighly efficient inferencemechanismscan
beseenfor propositional cost-basedabduction[4, 7,8]. Thesemethodsemploysearch
mechanismsborrowedfrom mathematicalprogramming,aprogrammingparadigmthat
mayexploit the continuousratherthanthediscretevaluedomain.The main ideais to
transformHorn clausesinto linearconstraintsandseektheoptimalpoint usinglinear
programmingtechniques,e.g.,thesimplex method.

Besidescost-basedabduction, several efficient mechanismshave alsobeendevel-
opedfor otherkinds of propositional reasoning,suchassatisfiability problems(SAT)
or constraintsatisfactionproblems(CSP).In the SAT case, startingfrom GSAT [9],
a setof powerful new local search heuristicshasbeendeveloped[10–12].Especially,



DLM-2000(discreteLagrangianmethod)[13] cansolvesomeof thehardestsatisfiabil-
ity problemsof DIMACSbenchmarkproblems.

In thispaper, wewill describetwotypesof transformation frompropositionalclauses
to mathematicalconstraints.The first one, called transformation L , has beenused
widely in thecontext of cost-basedabduction, which transformsclausesinto linearin-
equalities.Thesecondone,calledtransformationNL , translatesclausesinto nonlinear
equalities,whichcanbeconsideredasunderlying somealgorithmsfor SAT. Thesetwo
transformationshave differentcharacteristics;transformation L is likely to find a low-
costsolution, while transformationNL efficiently searchesfor a feasiblesolution. We
will show anexample in whichtransformationL performswell, but by addingclauses,
theperformancedeteriorates.We alsoshow thattransformationNL doesn’t causesuch
aradicaltransition.

Therestof thepaperisorganizedasfollows.In thefollowingsection,wefirstbriefly
describethe preprocessingof a hypothetical reasoningproblemin order to obtaina
knowledgebasewith a smallnumberof clauses.Thenwe explain two transformations
of clausesinto constraints.Section3 is devotedtoadetaileddiscussionof thecharacter-
istics andthedifferences of two transformations,including theperformancetransition
of transformationL . Finally, we discussfutureworksandconcludethispaper.

2 How to Make Constraints?

A hypotheticalreasoningproblem(HRP)is characterized by a set
�

of goals(e.g.,ob-
servations)to beexplained,givenbackgroundknowledge� , e.g.,thebehavioral model
of somedevice. A solution to a HRPis a setof hypotheses����� which, if assumed,
would explain theobservations.

Definition 1. Ahypotheticalreasoningproblem(HRP)isaquadruple �	��
�������������� ��� ,
such that
(i) � is a propositional Horn theory, i.e., a setof clauses� of the form “ ����� �� !"!#!  ��$ ” where �%�&� � � !"!#! �&�'$ are atomic formulas.If (*),+ then - is calleda rule (or
non-unit clause),else((.�/+ ) - is calleda fact (or unit clause).Theatom � is called
theheadof theclause,theconjunction � �  !#!"!  � $ is calledthebodyof theclause.
(ii) � is a setof inconsistency constraints, i.e., a setof Horn clausesof theform“ 01(32��4 �  !"!#!  4 $ ” where each

4658789;: 0 : (=< denotesa hypothesis,and thesymbolinc
denotesthelogical constantfalsum.
(iii) � is a setof atomsthatdenoteelementhypotheses(‘assumable’ states).
(iv)

�
is a setof goalatomsdenoting, e.g., observations.

Definition 2. Let �	�>
?�@�����&���&�A� ��� be a hypothetical reasoningproblem.A set�B�C� is a solution hypothesesset (or solution) for HRP iff (i) for each DFE � :�/G;�IHJD , (ii) �KG;�MLHJ01(32 .
Cost-based hypotheticalreasoningemploystheminimumcostsolution criterion. It

assumesthata numericalweight(or cost) 2 7&4 < is assignedto each elementhypothesis4 EN� ( 2 is a function from � to the naturalnumbers).Thenthe costof a solution,



- 7 �A< , canbedefinedas

- 7 �A<O� P6QSR�2 7&4 < ! (1)

2.1 Preprocessing

Beforeapplying the transformation, we first compile the HRP, including goal atoms,
to a small set of conjunctive normal form (CNF) formulas.The following stepsare
executedsequentially.

Relevance reasoning Construct the query-tree [14] in a top-down (from a goal to
leaves)fashionandget � , � , and� reduced.

Completion Apply completionfor eachrule �JE�� andgetaugmented� in orderto
makebackwardinferencepossible.We change“ �T�U� ” to “ �T�V� ” and“ �W�X� ,”
andrefer the original rule asa top-downrule andthe addedrule asa bottom-uprule,
following [3].

Eliminating top-down rules Eliminate top-down rules and get reduced� . This is
possible becausein caseof cost-basedabduction,anoptimalsolution for semi-induced
problems, whichconsistof bottom-upruleswithout top-down rules,canbetransformed
into thebestexplanationfor theoriginalproblemin thelinearorderof stepswith respect
to thenumberof rulesundera weakassumption[4]. Thustheoriginalrulesin theory�
areonly utilizedin theform of bottom-uprules.

Merging goal atoms and eliminating unit clauses Assign D.E � true, eliminate
unit clausesandgetreduced� and � . If we assigngoalatomstrue, someclausesin� mayturn to beunit. Weassigntheatomtrue in a unit clause��EK� andeliminate�
from � . Thisprocessis repeateduntil nounitclausesaredetectedin � , or inconsistency
detected.This isasimpleversionof eliminating one-literalclausesin theDavis-Putnam
procedure[15].

We now have a new propositional theory �ZY anda new setof inconsistency con-
straints �[Y ! We createa new knowledgebaseKBY of the CNF formulas,consistingof�\E���Y and 0]2^E��_Y . In orderto find the(minimumcost)solution to a HRP, we should
find the(minimum cost)satisfyingassignmentto KB Y . The setof atomsin KBY is de-
notedas ` . Notethattheclausesin KBY arenotnecessarily Horn.

In [3, 4], WAODAGs (or, weightedAND/OR directedacyclic graphs)are usedto
representcost-basedabduction.However, we allow clausesin KBY to beany CNF for-
mulas,thusthefollowing discussioncanbeappliedalsoto SAT problemsundermini-
mumcostsolutioncriterion.



2.2 Transformation into Linear Constraints

First we associatethe variableacb with �dEe` . We use afb	� 9 for “ � is true,” andafb\�g+ for “ � is false.”
AssumeKBY hastheclause,

� �ihkj �ml hkj �mn ! (2)

In orderfor formula(2) to betrue,at leastoneof theliterals� � , j � l , and j � n hasto be
true,equivalently, themathematicalconstrainta b �Oo 7�9qp a b8l < o 789qp a b8n <ir 9 hasto
besatisfied.We definetransformationL asfollows.

Definition 3. TransformationL is a transformation froma clauseto a linear inequality
constraint, constructedasfollows:
(i) replacetheliterals � and j � by a=b and

7�9qp asb6< , respectively,
(ii) generatethe t3�	u (left-handside)of an inequality by replacingdisjunction( h ) by
thearithmeticoperation“ o ,”
(iii) generatetheinequality “ t3�	udr 9 .”

Togetherwith the cost function (1) and0-1 relaxation,transformationL defines
problemL.

Definition 4. ProblemL is a continuous linear programmingproblem,where (i) the
objectivefunction to beminimizedis definedby (1), and(ii) subjectto theconstraints
derivedfromtransformationL for each clause2vE KB Y , and(iii ) relaxed0-1constraints+ : acb :W9 for each atom�kEA` .

ProblemL canbeappliedto otherrepresentationsthancost-basedabduction,such
asSAT. However, asSelmandescribes[16], in most formulationsthe solution to the
linear relaxationof any SAT problemsimply setsall the variablesto the value“1/2,”
thusyielding noguidanceatall.

But still solving problemL is useful in the caseof cost-basedabduction.Santos,
Jr. revealedthat 97% of the randomlygeneratedWAODAGs weresolved usingonly
linearprogrammingwithout supplementarybranch-and-bound[4]. Althoughrandomly
generatedproblemshavesomepitfalls [17], wediscusslaterthatthereisa regionwhere
transformationL doeswork well.

2.3 Transformation into Nonlinear Constraints

Consider(2)again.It is logicallyequivalentto j 7 j � �% �_l  �mn_< , whichmeansj � �# �_l  �6n shouldbefalse, thusat leastoneof j � � , �6l , and �wn shouldbefalse, sothatthe
formulais true.Equivalentlywe canwrite down a constraintas

789�p a b � <xa b8l a b8n ��+ .
Wedefinetransformation NL asfollows.

Definition 5. TransformationNL is a transformation from a clauseto a nonlinear
equality constraint, constructedasfollows:
(i) negatetheclause,
(ii) replacetheliterals � and j � by a b and

789qp a b < , respectively,
(iii) makethe t3�	u of an equalityreplacingconjunction (  ) by thearithmeticopera-
tion “ y ,”
(iv) maketheequality “ t3�	ug�d+ .”



Combining thecostfunction(1) and0-1 relaxation,we obtainproblemNL.

Definition 6. ProblemNL is a continuousnonlinearprogrammingproblem,where (i)
the objectivefunction to be minimizedis definedby (1), and (ii) subjectto the con-
straints derivedfromtransformation NL for each clause2�E KB Y , and(iii) relaxed 0-1
constraint + : a b :W9 for each atom�kEA` .

ProblemNL is oneof themostsimpleform of transformations, andit canbe con-
sideredasunderlying somealgorithms.For example,GuhasdevelopedaSAT problem
model,calledUniSAT, which transformsa SAT probleminto an unconstrainedopti-
mizationproblemon real space[10,18]. UniSAT7 transformsa CNF

7 a � hdj a l <  7 j a � h a l h a n < into zA� 7 a � p �{< b 7 a l o}| < b o 7 a �'o}| < b 7 a l p �{< b 7 a n p �{< b , where� , | , and � areconstants.This methodin thecaseof �~� 9 and | �,+ is nothing but
the � -normpenaltymethod[19] to solveproblemNL.

In DLM, or discreteLagrangianmethod[20], a SAT problem(with ( variablesand� clauses)is formulatedasa discreteconstrainedoptimizationproblem;�����[���{���"��� Q_����� �8��� �5�� �'� 5 7 a�< , �8�[�_� �"�#�=�8� � 5 7 a�<}��+��m0�E � 9 ��¡¢� !"!#! � �*£ , where� 5 �¤+ if clause0 is satisfied,and � 5 � 9
if clause0 is not satisfied.We caneasily

seethat theconstraintconstructedby transformationNL satisfiesthe requirementsof� 5 . Thus,applyingcontinuousLagrangianmethodsto problemNL, similar methodto
DLM canbederived(thoughsomedevicesareneedede.g.,to forcetheupdatedvalue
of a shouldbe 0 or 1 in eachiteration).The overview of suchsubgradientalgorithms
areseenin [21].

In summary, transformationL is efficiently usedin the context of cost-basedab-
duction, while transformation NL underliessomeSAT algorithmsto solve highly con-
strainedproblems.The approachherefollows the treatmentof pseudo-booleanopti-
mizationproblems[22].

3 Discussionof Two Transformations

3.1 Differ enceof Two Transformations

Onemajor differencebetweentransformationL andtransformationNL is that trans-
formation L givesa necessary condition for variablesto be a satisfying assignment,
whereastransformationNL givesa necessary andsufficientcondition.

Given a truth assignmentto atoms,obviously we cansatisfyconstraints of either
transformation L or transformationNL by substituting 1/0 to the correspondingvari-
ablesaccordingto the truth value.Conversely, givenvaluesof variableswhich satisfy
constraints of transformation NL , we canconstructa truthassignmentasfollows.

Theorem 1. Givena setof clausesKBY anda setof atoms̀ , if thevariables a b 7 �	E`�< satisfy constraints derivedfromtransformation NL of theclauses2�E KB Y , wecan
constructa truthassignmentsatisfyingtheclauses2vE KB Y asfollows.For all theatoms�¥E¦` , (i) if aObZ� 9 , thenset� true, (ii) if a�bJ�d+ , thenset� false, (iii) otherwise,
set� arbitrarily true or false.
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Proof. Theproof is obviousby Definition5 ² .

On theotherhand,this is not thecasefor transformationL , even if we roundvari-
ables,e.g., if a b r³+ ! ´ thenset � true, otherwiseset � false. Despiteof this dis-
advantage,problemL hassomemerits.Themostimportantoneis that it mayproduce
theoptimalsolution quiterapidly, only by simplex method.Besides,(i) it mayprovide
theguidancefor the0-1optimal solution,(ii) it providesthelowerboundof costof the
0-1 optimal solution, and(iii ) it shows the unsatisfiability of KB Y if problemL is in-
feasible.Thefeasibleregion of transformation L is a convex polygonasshown in Fig.
1, thusthe searchpoint proceedseasilytoward the gradientdirectionof the objective
function.However, transformation NL producesthetightly constrainedfeasibleregion,
thusto proceedtowardthedirectionto decreasetheobjective function(notLagrangian
function) is harderthantransformationL .

3.2 PerformanceTransition of Transformation L

It hasbeenbelievedthatproblemL workswell onHRPs,however, theperformancede-
pendsconsiderablyonthe‘hardness’of theproblem.Herewepickupaverysimplebut
sufficientlysuggestiveexampletoshow thetransitionof performanceby transformation
L .

Fig. 2 is a set covering problemrepresentedby a HRP. A solution for the HRP
is a set of hypotheseswhich covers all the intermediatepropositions. For example,



Fig. 3. Ratioof solvedproblemswith 100hypothesesby solvingproblemL.

� 4 lµ� 4_¶ � 4_· £ isasolutiontoprove thegoal.Here,thecostof eachhypothesisis settobe
1, andeachintermediateproposition hastwo OR childrenrandomlychosen.If we add
intermediatepropositions while keepingthe numberof hypothesesconstant,thenthe
numberof solutionsdecreases,i.e., theproblem getsharder. For example,if we adda
new intermediateproposition � ¶ , suchthat“ � ¶ � 46¸ h 46¹ ” and“ Dk�º� �  !#!"!  � ¸  � ¶ � ”
then � 4 l � 4 ¶ � 4 · £ is not a solutionanymore.Yet this problemhasalwaysat leastone
solution, tosetall hypothesestrue. In thismanner, wegetseriesof problemsgradually
gettingmoretightly constrained.

In theexperiment,startingfrom 100hypothesesand50 intermediatepropositions,
we graduallyaddthe intermediatepropositions.Fig. 3 shows theratio of solvedprob-
lemsonlybysolvingproblemL (usingsimplex method).Onedotrepresentstheaverage
of 500instances.Almostall theproblemscanbesolvedonly by simplex methodwhen
thenumberof intermediatepropositions � is lessthan60, however few problemscan
besolvedwhen � exceeds140.At � � 9¼» + , 63%of thevariablesaresetto 1/2, and
provide noguidanceatall. In thecaseof 1000hypothesesstarting from 500intermedi-
atepropositions,thedropis evensteeperasshown in Fig. 4.

Not only for this setcoveringproblembut alsofor otherprobleminstances,suchas
shortestpathproblemandassignmentproblem,we have foundthesamephenomenon.
By addingclauses,HRPsarelesslikely to besolvedonly by solvingproblemL.

Lastly, thecurvesin Fig.3and4 remindusof thephasetransitionphenomenon[23,
24].For example,in thecaseof random3-SAT instanceswith 50variables,if theratioof
clauses-to-variablesis lessthan3.5,theformulais almostcertainlysatisfiable,while if
theratio is over 5.2,almostall formulasareunsatisfiable.Thisphasetransition focuses
onthelikelihoodof satisfiability, however, oursfocuseson thelikelihoodof solvability
by solving problemL. We expectourperformancetransition hassomecorrespondence
with the phasetransition of satisfiability, but further study is neededto derive some
conclusions.



Fig. 4. Ratioof solvedproblemswith 1000hypothesesby solvingproblemL.

3.3 Performanceof Transformation NL

As for problemNL, tosatisfytheconstraintsisequivalenttofindasatisfyingassignment
of the clausesfrom Theorem1. Thereforethe performancecan’t be evaluatedin the
samewayasin thecaseof problemL. Instead,we implementedDLM to solveproblem
NL andmeasuredthecomputational time.

Fig.5 and6 show thecomputationaltimeof DLM to solvethesetcoveringproblem
with differentnumbersof intermediatepropositions.In every case,a solution is found.
The computationaltime grows gradually, andno rapid changeof performanceis ob-
served. Thereforewe canconjecturetransformation NL is suitableeven for seriously
constrainedproblems.Thissupportsthefact thatDLM andotheralgorithmsshow good
performanceonSAT problems.

4 Conclusion

Therelationbetweenlogic and0-1 integerprogramming,or OR(operationsresearch),
hasbeenstudiedwidely andintensively in therecentyears.Especially, thelatestgood
overviews mightbe[25] and[26], bothemphasizingthepossibilitiesof theintegration
of AI andOR.

In this paper, we have clarified two transformations from clausesto constraints.
TransformationNL is appropriatefor findinga feasiblesolution.TransformationL has
themerit in thatit mayproducetheoptimalsolutionquiterapidly, however, it canbeap-
pliedefficiently only to the“easy” probleminstancesbecausetheperformancerapidly
deterioratesastheproblem getshard.Futureworkswill combinethe two transforma-
tions anddevelop an algorithmto seekthe optimal solution, mainly targetingon an
intermediateregionbetween“easy” and“hard.”
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